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Synopsis.Inthispa,perweρonsideradegenerateparqbolicequationinsp三redby
theproblemoftheheatexchangerofaStirlingengine.Bymeansofafunctional
analysis,weprovethcuniqueexistenceofthesolutionanddescribeitsasymptotic
behavior.
§0.Introduction
Considerthefollowinginitialbound
(E。)
whcreu,vareunknownfunctionsofxandt,
oftheterm∂u/∂t,
theuniquenessandexistenceofa
behaviorofthesolutionisalsoconsidered
IntheheatexchangerofaStirlingengine,v,thetemperatureoftheregenerator
matrixandu,thatofthefluidwhichpassesthcmatrix,satisfy,undercertainhy・
pothesis,thepartialdifferentialcquationsin(E・)withoutsccondderivatives([1コ)・
Ourproblemisinspiredbythis.
TheauthorwouldliketoexpresshetsincereappreciationtoProfessorH.Miyabe
andDoctorK.Hamaguchif()rintroducinghertothistypeofproblem,andtoPro-
fessorK.Masudaf()rvaluableadvice.
§1・A.bstractproblem
LetXbeaBanachspace.WedenotethenormofuinXbyIIull.Considerthe
Ｌ
aryvalueproblem:'
0=∂2u/∂ κ2-∂u/∂x-u+び,0<κ<1,0<ら .'
∂・/∂t=∂2v/∂κ2一 び+1`,0<x<1,0<`,
,u=∂v/∂x=0,x=0,1,0<t,
v=〃 。,0〈x<1,t=o
〃oisagivenfunctionofκ ・Forlack
thissystemisnotparabolicintheordinarysense.But .wehave
strongsolutionofthissystem.Theasymptotic
.
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fbllowingequations:
(1-1){
"liil㌘:-
whcret`andvareXvaluedunknownfunctionsoft,voisgiveninX,andthcoper-
atorsAandBsatisfythefbllowingconditions:
(1)-AgeneratesaholomorphicscmigroupinX,
(II)Bisa(unbounded)linearoperatorinX,withboundedinverseB-1.
PutC・=A-B-i・Then-CgeneratesaholomorphicsemigroupinX(e.9.[2コ).
Weobtain
Theorem1.
IfAandBsatisfytheconditions(1),(II),theproblem(1-1)hasauniquestrong
solution
(1-2){㍑:隠:CVo)
andthef()llowingestimateshold:
(1-3){{{纏に鴛二1::
whereMandβarcconstantsindependentoftand,
β<inf{Reλ;え ∈ σ(C),spcctrumofC}.
Theproofisaneasyapplicationoftheperturbationtheoryofholomorphicsemi・
groupsandisomitted(c.£[2コ).
§2.Application
LetXbeL2(0,1),theHilbcrtspaceofallthesquarcintegrablefunctionson
theinterval(0,1).Theinncrproductandthenormaredenotedby(・,・),andli・Il.
Hk(0,1),k=1,2,… …,isaSobelcvspaceoforderk.WedefinetheoperatorsAand
Basf()llOWS:
Av=-d2v/dx2+v,
1)(A)={v∈H2(0,1);dv/dx=Oatx・=O,1},
Bu=一 ば2u/dx2+du/dx+u,
D(B)=={u∈H2(9,i.);u=O・tx=0・1}・
Itiseasytoseethatcondition(1)issatisfiedbyA.Fromtherelation:
(2-1)(Bu,の=lldu/dxl12十11ull2,u∈1)(B), ら
wefindBisonetoonc.WedefinetheoperatorBasfollows:
8‥ 一 芸(6-・迎)+e-・u=e'-xBu
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D(B)=D(B).
ThengisaselfadjointoperatorinXand,apPlyingtheclosedrangetheorem,weぽ ぽ
findBisonto([3コ).So,foranyfinX,wehaveasolutionofBu=e-xf,therefore,
βμ=エ
Itiswellknownthat
(2二2)1剛・≦⊥lldu/酬・
μ
f()ranyuinHi(0,1)whichvanishesatx=0,1.Hereμisthesmallesteigenvalue
of-d2/dx2withtheDirichletbwndarycondition.Itiseasytocalculateμandwe
haveμ=π2.Using(2-1),(2-2),wehave
(Bu,の:lldu/dxll2+llull2≧(1+π2)1剛2
Therefc)re,
UB.「「≧(1+π2)1剛,
andwefindacontinuousinverseofBexistsandtheoperatornormofB-1isbounded
by(1+π2)-1:
1|8-11|≦1/(1+π2).
Soβsatisfiesthecondition(II)andwecanapplyTheoremltotheproblem(Eo).
FortheoperatorA,wehave
inf{λ:λ ∈ σ(A)}≧1.
Therefbre,fbrtheoperatorC=A-B-i,wehavc
inf{・ReR:λ ∈ σ(C)}≧1-(1+π2)一'=π2/(1+π2)・ 、
ByTheoreml,wehavetheestimates
llu(のll≦Me－ β`
1|〃(彦)li≦Me-Pt
f()ranyβsuchthatO〈 β<π2/(1+π2).
Butfromtheequationvt=一(A-B'-i)v,wehave
l∂Hv「12 =(v・,・)=:一 一(Av,v)+(8-lv,の
.2dt
≦ 一|「dv/dxll2-M2+|IB-'i目lvll2
≦ 一 π2/(1+π2)llV]12
1ntegratingthisinequalitywithrespecttot,wehave
llv(のli2≦exp(-2π2t/(1+π2))酬2・
Thcrefbrewehavethefbllowing
Theorem2.
LetvobeinL2(0,1).Theproblem(E。)hasauniquesolutionoftheIbrm
u(の=B-le-tCv。
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v(の=e-tσv。
andthef()llowingasymptoticestimateshold:
'll
u(t)H,llv(のll≦e'Ptllv。ll
whereβ=π2/(1+π2).
.
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